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PREFACE 

The work in this report was performed under Contract 

No. F40600-74-C-0013 for the Arnold Engineering Develop- 

ment center, Arnold Air Force Station, Tennessee, 37389, 

by Block Engineering, Inc., 19 Blackstone Street, Cam- 

bridge, Massachusetts, 02139. This report includes all 

work performed during the contract period 22 April 1974 to 

April 1975 under Program Element 65807F. The report was 

submitted on 1 October 1975. The work was performed under 

the direction of Air Force Technical Manager, Kenneth B. 

Harwood, Captain (CF), Directorate of Technology, Arnold 

Air Force Station, Tennessee. 

The authors acknowledge the generous help of Dr. 

Stewart Hemple of Block Engineering, Inc. and Professor 

Ellis R. Lippincott (deceased) of the University of Mary- 

land in the theoretical portions of this report. 

The reproducibles used in the publication of this 

report were supplied by the authors. 
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SECTION I 

INTRODUCTION 

1.0 GENERAL 

This 'is the Final Report for Contract No. F40600-74-C-0013, 

with Arnold Engineering Development Center, Arnold Air Force 

Station, Tennessee. This Contract contains both experimental 

measurements of the Raman Stokes scattering cross-sections of 

water vapor as a function of temperature, and a theoretical 

calculation of the spectral profiles for the asymmetric top 

model of the water vapor molecule as a function of temperature. 

Laser Raman scattering diagnostic techniques are being 

developed at AEDC for the measurement of concentration, and 

vibrational, rotational temperatures. This is to be applied 

to single and multiple gaseous species in both single and 

multiphase flow fields for flow diagnostic test applications. 

These fields occur in the exhausts of jet engines and rockets 

and in combustion chambers. Water vapor is present to some 

degree as a combustion product in all these applications. 

One phase of this program entailed the development of two 

burners which produced H2/O 2 and H2/Air flames. These burners 

produced steady temperature and flow rate flames. Thus, water 

molecules in thermal equilibrium were obtained over a suffi- 

ciently large area to allow their examination by laser Raman 

spectroscopy. 

i.i ORGANIZATION OF THE REPORT 

This report is divided into two major parts. The first, 

Sections II and III, describes the experimental apparatus, 

procedure and results. Section II contains information on the 

spectrometer, burner design, flow meters, thermocouple data 
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and the experimental procedure. Section III presents the 

spectral data and a discussion of the experimental error. 

The second part, Sections IV and V, discusses the theoreti- 

cal considerations and calculations. The results of these 

calculations are tabulated in Section V. The computer program 

used in the theoretical calculations can be found in the 

Appendix. 

I0 
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SECTION II 

• INSTRUMENTATION AND EXPERIMENTAL METHOD 

2.0 GENERAL 

This section describes the Raman spectrometer used in 

acquiring all the spectral measurements presented in this 

report. It describes the design and development of the burners 

and the calibration of the flow meters. Discussions are devoted 

to temperature measurements by thermocouple for determination 

of temperature gradients in the flame and use of the Raman 

profile of the N 2 spectrum for obtaining flame temperatures. 

The experimental procedure is described in detail for the 

manner in which all measurements were made. 

2.1 RAMAN SPECTROMETER 

The initial spectral observations are confined to the 
O 

Stokes bands arising from 4880 A incident radiation from an 

argon ion laser (Spectra Physics Model 165) operated for all 

data at i~2 watts. The scattered light was analyzed by a 
O 

double monochromator (Jarrell Ash Model 25-100) with 5000 A 

blazed gratings. The detector was a cooled ITT-FWI30 photo- 

multiplier operated in the pulse-counting mode with dark 

count levels of about 5 counts per sec for this work. 

The overall experimental arrangement was designed to 

have the laser beam travelling parallel to the entrance slit 

(that is, vertically) such that the Raman scattered light is 

collected 90 ° to the incident light direction. The Raman scat- 

tered light was collected by a lens with focal length i00 mm 

(F number, 8). The width of the laser beam was about i00 ~m. 

One to one magnification of an image of 1.5 cm in height from 

the scattering zone area was accepted in the entrance slit 

ii 
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of the monochromator. The slits were set at 350 ~m which 

produced a spectral slit width of about 8.0 cm -I for the wave- 

~ength of the scattered light considered. 

In following our regular procedure, the Jarrell-Ash Model 

25-100 Raman monochromator was aligned for optimum throughput. 

Initial calibration of the spectrometer was carried out by a 

representative of Jarrell-Ash. Prior to starting the collection 

of experimental data we rechecked the calibration of the 

monochromator. The wavelength of light used and the sources 

from which they were obtained are listed in Table i. 

TABLE 1 

MONOCHROMATOR WAVELENGTH CALIBRATION 

o Grating -i 
Source A, A Order cm 

Hg lamp 4358.3 I 22944.5 

5460.7 I 18312.5 

4046.6 II 12356.2 

Argon laser 4579. I 21839. 

4880. I 20492. 

5145. I 19436. 

Figure 1 is a plot obtained from this data. Wavenumber 

difference (difference between true wavenumber and absolute 

wavenumber reading on monochromator) is plotted against true 

wavenumber of the source. 

2.2 BURNER DESCRIPTION 

2.2.1 Porous Plu~burner 

The flames studied in the 1000 to 1500 K range were 

produced by a water-cooled sintered brass porous (~ 50 ~m) 

12 
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plug burner (diameter, 2.5 cm). It was operated horizontally 

and burned into another water-cooled porous plug placed about 

2 cm away which, in turn, was connected to a rough vacuum line. 

In this fashion, a stable horizontal flame at atmospheric pres- 

sure was produced. There are several advantages to this type 

of burner: (i) the laminar flame is fairly uniform over a 

rather large area offering an ideal scattering test zone, (2) 

the outer layers of the flame have been shown to serve as a 

shield to inhibit atmospheric contamination of the inner flame 

which will be studied. The burner is shown in Figure 2. Con- 

tained in Figure 3 is a top view of the burner setup. 

An excellent description and study of this burner design 

can be found in the literature on combustion. (1) The main 

advantage of this burner is that it is possible to cool a flame 

to a lower temperature than that which would result from adia- 

batic combustion. The resulting flames are very stable and 

extremely flat - independent of the size of the burner. The 

previous studies (I) of this burner have also demonstrated that 

flame temperature can be varied approximately 200 K by merely 

changing the pre-flame gas flow rate and keeping the gas con- 

stituents constant. See Table 2 for some results on H 2, 02 , 

and N 2 flames. 

14 
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TABLE 2 

EXPERIMENTAL DATA SHOWING MEASURED FLAME VELOCITY VERSUS 

FL~ TEMPERATURE DATA FOR CONSTANT AND PRE-FLAME COMPOSITION** 

Flame i, 2H2: 5N2:102 

Velocity* (m£/s) Temperature (K) 

59.0 1550 

98.5 1667 

173.0 1818 

Flame 2, 1.2H2: 5N2: 102 

Velocity (ml/s) 

49.2 

108.0 

197.0 

Temperature (K) 

1409 

1540 

1667 

Velocities are evaluated for the total pre-flame compositions 

at the stated molar ratio at 25°C and 1 atmos, pressure. 

Data collected by W. E. Kaskan (Ref. i). 

17 
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2.2.2 Needle Burner 

• Due to the characteristics of the flame produced by the 

porous plug burner, it was necessary to construct another 

burner in order to obtain reasonably good data at temperatures 
I 

higher than 1500 K. The water-cooled, metal, porous plate 

burner produces a higher temperature only in the flame's tip 

and only over a very small region which is not satisfactory 

for obtaining good Raman spectra. The alternate burner is 

constructed from 400 stainless-steel hypodermic tubes tightly 

soldered together. The internal diameter of the tubes is 

0.045 cm. This gives primary cones not more than 1/2 mm in 

height, and an excellent laminar flame. The experimental 

flame is about 2 cm in diameter. The specific design is after 

that of Padley and Sugden (2) . The burmer is water cooled and 

premixes the gases. The burner easily obtains temperatures 

between 1500 K and 2500 K. Experimental studies have shown 

that the flame's central portion is well shielded up to i0 cm 

away from the burner head. This burner is shown schematically 

in Figure 4. 

2.3 DESCRIPTION OF THERMOCOUPLE 

The thermocouple was prepared from platinum and platinum-13% 

rhodium wire of 0.0005 inches (0.0127 mm) in diameter. The 

thermocouple junction was butt welded. The wire is contained in 

ceramic insulating tubes. The junction is supported above the 

insulating tube such that only the thermocouple wire is in the 

flame area. Low velocity and low temperature H2-air flames are 

known to produce very little, if any, catalytic heating at the 

platinum thermocouple's surface (I) , so it will not be necessary 

to coat the thermocouple with fixed quartz or ceramic materials 

to eliminate this effect. 

18 



AEDC-TR-75-150 

TUBE BURNER 

STAINLESS STEEL 
(LD.= 0.045 cm ) /  

( 0 0 2 ~  

M2o_. ll!Ullilll,l 

GAS 

TUBES 

Cu 

FIGURE 4 

TUBE BURNER 

19 



AE DC-TR -75-1 50 

Kaskan (I) has shown that corrections for radiation 

cooling caused by the thermocouple wire are significant and 

may be calculated from 

1.25EuT 4D0"75 0.25 
w ~ (2-1) 

&Trad = l pv 

where 

T 
W 

D 

is the thermocouple emissivity, 

is the Stefan-Boltzmann constant, 

is the wire temperature, 

is the wire diameter, 

is the thermal conductivity of the gas at T , 
W 

q is the viscosity of gas at Tw, and 

pv is the mass flux, gm/sec/cm 2. 

Estimates of &Tra d were obtained using the values of the para- 

meters in equation (2-1) as given by Kaskan (1) for temperatures 

between i000 K and 1800 K. The results, however crude, are 

comparable with those of Lapp~ 3) and are given below. 

Measured Temperature Correction Due to ~Tra d 

i000 K 18 K 

1200 K 30 K 

1400 K 40 K 

1600 K 50 K 

1800 K 65 K 

20 
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2.4 DETERMINATION OF TEMPERATURE FROM THE CALCULATED RAMAN 

SPECTRA O~ N 2 

In Figure 5 is a series of calculated Raman spectra 

of the vibrational Stokes scattering of N 2 at various tempera- 

tures showing the intensity dependence on temperature of the 

first vibrational hot band. The calculations are similar to 

those previously described in the literature (3) . Plotted in 

Figure 6 is the ratio of the areas of the N 2 fundamental and 

its hot band versus temperature. By using the observed relative 

intensities of N 2, the vibrational temperatures of N 2 can be 

found from the curve. As will be observed, these temperatures 

agree remarkably well with those of the corrected thermocouple 

measurements and they probably have the same accuracy of ±30 

to 40 K. Use of a thermocouple is definitely required in order 

to i~nsure that the Raman scattering zones utilized contain only 

small temperature gradients. 

2.5 DESCRIPTION OF FLOWMETERS 

The flowmeters used in this study are commercially avail- 

able Roger Gilmont Flowmeters. The models used consisted of 

two size number 3 and one size number 2. Size number 3 has a 

useful range of 200 to 1,200 ml/min of air. The number 3 flow- 

meters were used to monitor the. H 2 and N 2 flowrates. The number 

2 flowmeter was used for the 02 flowrate. 

In Figure 7 is shown a comparison of a volume displace- 

ment calibration curve and a calculated curve. The calculations 

are based on a method supplied by the manufacturer. The experi- 

mental and calculated curves agree very well. 

In Figure 8 are volume displacement calibration curves com- 

paring two different flowmeters of the same type. Agreement 

21 
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here is very good, indicating reproducibility in the manufacturing 

of the flowmeters. Water was the liquid used in the volume 

displacement experiments and the appropriate corrections for 

the vapor pressure of H20 and the solubility of the gases in 

water have been applied to the results. 

Because of the good agreement between the theory and 

experimental results and in order to avoid experimental errors, 

calculated calibration curves were used for determining flow 

rates. Presented in Figures 9, i0 and ii are experimental 

calibration curves for H 2, N 2 and 02 respectively. 

2.6 EXPERIMENTAL PROCEDURE 

The first step in obtaining any spectral data consisted 

of accurately aligning the laser beam and burner with respect 

to the slits. Also included in this process is the accurate 

mapping of the flame as a function of temperature. Since the 

therm~couple was used an an indicator of the foregoing pre- 

requisites, it was necessary to mount it on a precisely cali- 

brated x-y-z translator. This, in turn, was mounted on the 

optical rail. A low power laser beam was then turned on and 

the usual alignment procedure was carried out to position 

the beam parallel to the slits. The center of the thermocouple 

wire was then aligned with the laser beam, so that a vertical 

path of the thermocouple was parallel to the entrance slit. 

The laser beam was then blocked off and the burner 

ignited. The flame was adjusted to the approximate temperature 

to be investigated. Vertical measurements of temperature were 

taken about every 2 mm to define the center of the flame. 

Next, by manipulation of the height of the burner and 

repetitive temperature measurements, the center of the flame 
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was aligned with the center of the slit. ,Parallelism and 

alignment was again rechecked by use of a low power laser 

beam. 

The burner was then turned off, the thermocouple lowered 

out of the optical path and the spectra of the nitrogen and 

water vapor content of the laboratory atmosphere were obtained. 

This was carried out primarily as a final check on instrument 

throughput. Typical spectra of this type are shown in Figures 

12 and 13 respectively. The radiative background for the 

spectra is about 20 cps. 

Without disturbing anything, the flame was then reignited 

and adjusted to the appropriate temperature. The parallelism 

and alignment of the thermocouple with respect to the slits 

and laser beam was checked again. The flame was then mapped 

by measuring the temperature at 1 mm intervals, for a distance 

of 5 mm, on each side of the center of the flame. The slit 

heights were then closed to a height of 10 ram. A low power 

laser beam was allowed once more to shine on the thermocouple 

and the image followed on the slits to insure that the 

temperature limits to be investigated fell within the allowed 

slit height, and that those not desired were blocked off. 

A typical example for further discussion would be that 

of the 1500 K flame. Here, the measured temperature of the 

flame in the area where Raman scattered light was collected 

varied from a maximum of 1550 K at the center to as low as 

1425 K at the outer edges of the measured zone. Several 

reasons can exist for these variations. Cold air is possibly 

mixing with the less dense hot flame gases to cause the flame 

to break down and/or there is a large inhomogenous flame 

produced from irregular surface pores causing an uneven flow 

of the gases. Before obtaining accurate Raman cross-sections 
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of water vapor in various flames, it is necessary to completely 

characterize the flames across the burner surface. Previous 

studies (3) of flames produced with similar burners have shown 

that it was necessary, in order to obtain a homogenous tempera- 

ture region in the flame, to collect scattered light from only 

a 5 mm section of the flame. Also, increasing the mass flow 

of the flame will produce a more stable flame with less atmos- 

pheric influence. Previous studies (1) have also shown that 

by placing a steel screen immediately above the burner a much 

flatter and more homogenous flame can be produced. 

It is quite evident in the spectral data obtained, even 

at room temperature, that asymmetry exists in the vibrational 

bands of water vapor. This asymmetry is observed to increase 

sharply in the 1500 K flame. The half-band width of the water 

band at room temperature approximately doubles at the higher 

temperature and the maximum peak position decreases in energy 
-i -i 

from ~ 3652 cm to ~ 3646 cm . A shoulder on the low energy 

side of the band, (an ~ 15 cm -I shift) also is observed to 

appear at the high temperature. The low energy asymmetry is 

produced by the fact that all the AJ = 0 rotational lines 

corresponding to the Q branch do not overlap each other exactly. 

There is a progressive shift to lower energies caused by the 
° 

vibrational-rotational interaction. The fine structure on the 

band has been qualitatively assigned by Lapp et. al. (4) to be 

due to a large population of an excited vibrational state, 

v = i, whose transition is observed at lower energy due 

£o anharmonic effects. It is obvious from these spectra that 

the temperature dependence of the water vapor band will not 

be as large as that of N 2 and H 2 which have been previously 

investigated in flames (3, 4). The ultimate sensitivity 
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of calculated band contours in comparison to experimentally 

obtained data is undoubtedly limited by the quality of the 

experimental data. 

All areas or intensities obtained both for cross section 

calculations and temperature measurements were determined 

by use of a planimeter. They represent, in most cases, an 

average value of ten determinations on each spectrum. 
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SECTION III 

EXPERIMENTAL DATA 

3.0 GENERAL 

Presented in this section are the high temperature 

experimental Raman spectra OfoH20 vapor. All the spectra 

were obtained using the 4880 A laser line except where cross 
O 

section scaling was carried out using the 5145 A line. A 

discussion of the experimental error is also included in this 

section. 

3.1 SPECTRA 

The experimental apparatus and procedure have been 

described in Section 2.5. In Figure 14 are shown traces of 

spectra of water vapor and nitrogen at various temperatures 

demonstrating their temperature dependence. The spectra were 

obtained by locating in the flames, with the aid of a thermo- 

couple, fairly homogeneous temperature regions. The slit height 

was adjusted so that only Raman scattered light from that region 

was collected. 

Included in Table 3 are the calculated Relative Raman 

cross sections of water vapor relative to nitrogen for 90 ° 

scattering. The individual spectra of H20 and N 2 at the 

various temperatures, as described in Table 3, are shown 

in Figures 15 through 18 respectively. 

3.2 SPECTRA OF WATER VAPOR BETWEEN 1500 K AND 1750 K 

The spectra of water vapor and N 2 at approximately 1650 K 

and 1750 K are shown in Figure 19. The temperatures were 

determined from the N 2 band profiles. Thermocouple data at 

these temperatures is unreliable due to an excess of radiation 

cooling and catalytic effects. Above 1500 K, the burners which 
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TABLE 3 

EXPERIMENTAL RESULTS FOR TEMPERATURES BETWEEN 1000 AND 1500K 

Calculated* 
Temperature 

ii00 K 

1255 K 

1381 K 

1488 K 

Average Thermocoup le + 
Temperature (Range) 

1107 

(i080+1145) 

1241 

(1239+1252) 

1413 

(1376+1440) 

1500 

(1408+1605) 

Flow R at_es (i/m) 

H 2 02 N 2 Slit Heights 

2.15C 1.510 4. 675 i0 mm 

!.0 0.5 2.3 11.4 

0.5 0.25 0.3 12.7 

0.5 0.25 2.0 8.9 

90 ° 
Relative. Raman 
Cross Sections 

H20/N 2 

2.47 

2.2 

2.5 

2.9 

* Temperature estimated from calculated N 2 spectra. 

+Corrccted for radiation cooling. 
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we employed caused significant Na emission to result in the 

flame gases, thereby making it impossible to use the photon 

counting detection electronics. To eliminate the flame emission 

signals from the Raman signals, we utilized a technique which 

is often used to remove infrared emission interferences from 

infrared absorption spectral data. The technique involves 

chopping the source, in our case the laser beam, and using 

synchronous detection of the Raman signal. The method, in 

effect, subtracts the emission spectral data from the observed 

Raman plus emission signals. The method does have one disadvantage 

in that considerably more noise is added to the final spectrum. 

With our present experimental apparatus, however, this was the 

only way we could obtain data. Table 4 gives the temperatures 

and flow rates of the pre-flame gases and the calculated relative 

Raman cross sections for this data. 

TABLE 4. RELATIVE RAM3~N CROSS SECTIONS OF H20 VAPOR 

Temperature (K) 

1650 

1750 

N 2 

7.3 

7.3 

Flow Rates (E/m) 

H 2 02 

3.3 1.3 

3.4 1.7 

Raman Cross Section 
Relative to N_ For 
90 ° Scat~erin~ 
of 4880 A 

2.7 

2.6 

3.3 POLARIZED RAMAN SPECTRA OF WATER VAPOR 

The polarized and depolarized Raman spectra of H20 vapor at 

approximately 1075 K were obtained (Figure 20) by placing a 

polarizer between the monochromator and the sampling area and 
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analyzing the Raman scattered light. A polarization scrambler 

was placed immediately in front of the entrance slit of the 

monochromator to minimize the effect of the instruments selective 

sensitivity to polarization. The spectra demonstrated that the 

Raman scattering of water vapor is essentially polarized and 

results primarily from the trace of the polarizability tensor. 

This greatly simplifies the theoretical calculations as 

this means that only the Q branch of the rotation-vibration mani- 

fold need be considered. This will be.discussed in more detail 

in section 4.6 of this report. 

3.4 RAMAN CROSS SECTION OF H20 AT DIFFERENT WAVELENGTHS 

Listed below are temperature Relative Raman cross sections 
O O 

of H2-O2-N 2 flames using the 5145 A and 4880 A exciting lines. 

The flame temperature gradients were mapped by use of the ther- 

mocouple as in obtaining the previous data. The same set up 
O. 

and procedure were used as in obtaining data at 4880 A. An 

estimate of the temperature was also obtained using the ratio 

of the N 2 areas. There appear to be no differences within 

experimental errors in the Raman cross sections of H20 between 
O O 

5145 A and 4880 A. 

_Temperature 

1107 K 

1488 K 

Relative Raman Cross Section 
O 

4880 A 

2.47 

2.90 

O 

5145 A 

2.55 

2.70 

3.5 DISCUSSION OF EXPERIMENTAL ERRORS 

There are no significant errors in determination of areas 

under bands introduced by chart paper linearity, monochromator 
! 

and chart scan speed. Errors which arise from the response of 
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the chart pen to spectral events were minimized by scanning the 

monochromator at rates much slower than those of the response of the 

system monochromator and chart recorder. The uncertainty in the 

determination of areas under the Raman profiles arises because 

of the use of a planimeter. The areas and their relative standard 

deviation for i0 typical measurements are: 

-i 
A H = 2565 + 5 94 cps cm 

2 ° - . . 

= 2255 +- 48.5 cps.cm 1 
2 

In the present study, a maximum of 2% uncertainty was introduced 

into the intensity determination by measuring actual areas. 

The errors in the number densities of the species of the 

flame combustion products are introduced by the flow rate and 

temperature inhomogeneities, and determination techniques. 

The imprecision of the manufacturer'scalibration of the flow meters 

is 2%, or 1 division, whichever is greater. TKis calibration was 

confirmed by our experimental calibration. An example of the un- 

certainties introduced by the flow rate determinations follows: 

The flow rates of the preflame gases for the 1082 K flame 

were .- 

H 2 - 2.150 £/m-+ 2% 

N 2 -'4.675 £/m + 2% 

02 - 1.510 £/m-+ 2% 

Since for the reaction H 2 + 1/2 02 = H20 , 02 is in excess, the 

amount of H20 produced is 2. 150 ~/m -+ 2% and the combustion 

products of the flame are: 

H20- 2.150 £/m -+ 2% 

0 2 - 0.435 ~/m + 2% 

N 2 - 4.675 £/m -+ 2% 
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The error in the total number of moles present in the burnt 

flame can be estimated by taking the square root of the sum 

of the squares of the individual gas uncertainties 

or 

S = / ( .043)  2+ (.0935) 2+ ( .0302)2 

S = 0. I0 £/m 

The relative deviation, then, is the uncertainty divided by 

the total number of moles present, or 

Relative Deviation = 
0.i0 
7.260 

= .014 or 1.4% 

The error in obtaining the mole fractions of the reaction 

products (XH^o and XN 2) used in calculating the Raman cross 

section is o~tained from their relative deviations and from 

the deviations of the total number of moles present. 

Rel. Dev. (H20) = 2.5% 

Rel. Dev. (N2) = 2.5% 

Due to the signal to noise statistics of the spectrum, there 

will also be systematic errors introduced in determining the 

areas of the Raman bands. In the worst case the S/N ratio is 

20. This introduces an error of at least 5% of the total area. 

The maximum estimated error for determining area ratios then 

arises from the total estimated error in each area that is 

to be ratioed. 
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Thus, the maximum error introduced into the relative density 

determinations of H20 to N 2 from flow rate and area data 

is : 

Rel. Dev. (MAX) = /2(5%) 2 + 2(2.5%) 2 = 8%. 

This error estimation does not include instability effects or 

inhomogeneities within the flame. 

The determination of temperature from a ratio of the peak 

intensities of the N 2 profile introduces not only this error 

but also errors due to the deconvolution of the N 2 peaks. The 

error in the determination of the temperature from the Raman 

nitrogen spectra is a minimum of 10% which does not include 

gradient effects. 

The Raman cross section is given by 

The standard relative deviation for URaman estimated from the 

errors due to all sources described above is 

Rel. Dev. (aRaman) 
= / (8 )  2 + -2(2.5) 2 = 9% 

The errors in the estimated temperatures and number densities 

which arise from the inhomogeneities in the flame gases, such as 

density and temperature gradients, are extremely difficult to 

estimate. Use of a thermocouple to find gases in the flame with 

the smallest temperature gradients mimimized the temperature 

errors, and use of burner designs which produced excellent flame 
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sources minimized the density fluctuation errors. Since 

the temperature measurements and cross section data are 

obtained from ratios of band areas, these errors are further 

minimized. They are not completely cancelled, however, since 

the effects of temperature and density gradients, which pri- 

marily smear out the band, are not necessarily the same on 

different Raman bands. 
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SECTION IV 

THEORETICAL CONSIDERATIONS 

4.0 CALCULATION OF THE ROTATIONAL/VIBRATION SPECTRA OF WATER VAPOR 

4.1 PURE VIBRATIONAL SPECTRUM 

4.1.1 ~he Harmonic Oscillator - Normal Coordinate Vibrational 

Mo de i 

The equilibrium geometry of water is shown in Figure 21. 

Water, a non-linear symmetrical XY 2 molecule, has symmetry C2V. 

Its elements of symmetry are C 2 axis through the O atom and 

bisecting a line between the H atoms (z-axis), a plane of 

symmetry Uxz is determined by the three nuclei, and a plane of 

symmetry axy containing the C 2 axis is perpendicular to the 

Uxz" Non-linear XY 2 molecules have two normal vibrations of 

species A1(91 and ~2 ) and one of species B1(93). u I and ~3 

are the symmetric and anti-symmetric OH stretches and 92 is 

the bending mode. 

From high resolution infrared, far infrared and microwave 

spectroscopy, the constants of water molecules have been accu- 

rately determined. The fundamental vibrations'are 

-1 
a I = 3651.7 cm 

u2 = 1595.0 cm -I (4-1) 

-1 
a 3 = 3755.8 cm 

The potential energy of a harmonic XY 2 

2V = KI(Arl 2 + Ar22) + K~ 2 

molecule is 

(4-2)  
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FIGURE 21 

THE GEOMETRY OF THE WATER MOLECULE 
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where 

Ar I, Ar 2 are the changes of X-Y distances, 

is the change in the apex angle 2s (Figure 21), 

K 1 and K~ are the valence force constants. 

The equations for the normal frequencies in terms of the 

geometry and force constants are as follows: 

X3 = 4~932 = (Uy + 2U x sin2u)K 1 

A1 + X2 = 4~2(912 + ~22) 

= (Uy + U x cos2e)Kl + 

2(Uy + 2U x sin2e)K~/£ 2 

22 2Uy(Uy + XIX 2 = 16~4~129 = 

where U. is the reciprocal atomic mass. 
1 

(4-3) 

(4-4) 

2U X) KIK~/K2 (4-5) 

From equations (4-3) , (4-4) , and (4-5) and the observed 

fundamentals, 

o 

K 1 = 7.76 mdyne/A 

K6/~2 = 0.69 mdyne/A 

are determined. 

The vibrational motions shown in Figure 22 are the normal 

coordinates Qi in terms of which the potential energy, equation 

(4-2) , becomes 
3 

2V = ~ XiQi 2 (4-6) 

ill 
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FIGURE 22 

THE NORMAL VIBRATIONS OF THE NON-LINEAR XY 2 MOLECULE 
, I 
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This approximation in polyatomic molecules involves two separate 

assumptions. First, the complicated LissajouJs ' motion of the 

vibrating nuclei can be divided into simple motions where each 

nucleus is moving in a straight line through its equilibrium 

position. And second, these motions are harmonic oscillations. 

The normal coordinates shown in equation (4-6) are related to 

the internal coordinates, qi' shown in equation (4-2) by a 

linear transformation, i.e. 

3 

qi "= ~ £iKQK 

K=I 

(4-7) 

Only the internal force constants K i, shown in equations (4-3), 

(4-4), and (4-5), have real meaning since they depend on the 

local bonding. They can be transferred from one molecule to 

another where identical or even similar bonding situations 

occur, and they are the basis for characteristic vibrational 

frequencies. 

For a harmonic oscillator, the energy values are given 

by 

where 

E. = hgi (ni + I/2), n.~ = 0, 1, 2, .... (4-8) 

1 

The total vibrational energy for triatomic molecules is 

= E = ul(n I + 1/2) + u2(n2 + 1/2) G (nl'n2n3) h-~ 

+ a 3 (n 3 + 1/2) (4-9) 
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where 

ci =  i/c 

are the classical vibrational frequencies measured in cm -I 

units. The vibrational quantum numbers are n I, n 2, n3o 

4.1.2 The Anharmonic Vibrational Model 

When the cubic and quatric terms are considered, the 

potential energy equation in normal coordinates becomes 

2V = ~ liOi 2 + eijKQiQjQ K + 
i i j K 

~ a ~ ~ ~  BijkEQiQjQkQE (4-10) 

i j K £ 

Equation (4-9), the vibration energy equation for a non-linear 

triatomic molecule, becomes 

G(nl,n2,n 3) = ~l(nl + 1/2) + ~2(n2 + I/2) 

+ ~3(n3 + 1/2) + X11(n I + 1/2)2 

+ X22 (n 2 + i/2) 2+ X33 (n 3 + 1/2) 2 

I 

+ Xl2(n I + 1/2)(n 2 + 1/2) 

+ Xl3(n I + 1/2)(n 3 + 1/2) 

+ X23 (n2 + 1/2) (n 3 + 1/2) (4-11) 
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The ~. are the frequencies for infinitesimal amplitudes or 
1 

zero-order frequencies and were first approximated by the 0. 
1 

in equation (4-9). The XiK are the anharmonicity constants. 

The X., like the ~ X used for diatomic molecules are a measure 
ii e e 

of the anharmonicity but the XiK(i~K) are a measure of the 

interaction between the vibrations. When the fundamental Ul 

is excited the energy of vibration is 

o I = G(I,0,0) - G(0,0,0) 

= ~1 + 2Xli + 1/2X12 + 1/2X13 (4-12) 

i 

An interpretation of equation (4-12) is that when ~i is 

excited most of the energy stimulates an anharmonic motion 

Q1 but a small amount of it also stimulates the motions Q2 

and Q3 (see Figure 22). 

The constants for H20 are (all in cm -1) : 

~I = 3825.32 Xll = -43.89 XI2 = -20.02 

(°2 = 1653.91 X22 = -19.5 XI3 = -155.06 

~3 = 3935.59 X33 = -46.37 X23 = -19.81 

(4-13) 

There is a very large interaction (155 cm -1) between the 

symmetric and antisymmetric stretching vibrations. Comparing 

a i (observed band centers) with ~i (the zero-order frequencies) 

a measure of the anharmonicity of the vibrations is derived. 

k / 
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then 

i Ui 

1 4.5% 

2 3.6% 

3 4.6% (4-15) 

With equation (4-11) and the constants shown in equation 

(4-13), we can use energy levels for all excited states and, 

by differences between them, calculate the observable vibrational 

transitions. The selection rule for both infrared and Raman 

transitions in non-linear XY 2 molecules is An i = +i. This is a 

harmonic oscillator approximation rule, but since the'vibra- 

tions are more than 95% harmonic it is relatively accurate. At 

temperatures well above room temperature, the equilibrium popu- 

lation of excited states (energy levels) will be significant. 

Vibrational bands in which the initial state is other than the 

ground vibration state are known as difference bands whose 

frequency will vary from the fundamental by the relative 

anharmonicity of the involved states. These bands will have 

the general formula 

u h = G(n I + i, n 2, n 3) - G(nl, n2, n3) (4-16) 

Since the anharmonicity is small, the transition probability 

of these bands will be identical to that of the fundamental. 

Thus, the intensity ratio of a difference band to the funda- 

mental is very nearly equal to Boltzmann factor, exp[-(hcui/kT)] , 

which gives the relative population of the states at a given 

temperature. The relative intensities of the hot band to the 

fundamental for the v I region are shown in Table 5. In the 
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Raman spectrum of water vapor, only the fundamental should 

be seen at temperatures below i000 K; from i000 K to 2000 K a 

second line centered 20 cm -I red shifted from the fundamental 

should be clearly visible. Above 2000 K, three more bands 

should become observable. 

4.1.3 Resonant Interactions 

When two vibrational levels, only one of which can be a 

fundamental, have the same symmetry and have nearly the same 

energy, that is, may be accidentally degenerate, they can inter- 

act to produce a perturbation called Fermi resonance. The 

result of such an interaction is that the levels "repel" each 

other and there is a mixing of intensity. In water this occurs 

between states having the following quantum number relations: 

(n I + 2, n2, n 3) and (n 1, n 2, n 3 +'2). Of the states shown 

in the table only (200) and (210) are effected states. In 

these cases the perturbations are small and these states do 

not contribute significantly to the observable spectrum. 

4.1.4 Fermi Resonance 

In the previous section, the strong resonant interaction 

between 2~1(7201t40 cm -1) and 2~3(7445.00 cm -1) was shown no t  
to contribute to the observed spectrum. There is also a weak 

For Fermi interaction between ~1(3657.054) and 2~2(3151.631). 

resonance between two energy levels, 

A 2 = 4/W12/2 + 82 (4-17) 

where A is the perturbed observed separation, ~ is the unper- 

turbed separation, and WI2 is the energy of interaction and 

is related to the anharmonic force constant KI22 by 
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TABLE 5 

I Transition 
t Lower Upper 
State State 
Quantum Quantum 
Numbers Numbers 

VIBRATIONAL TRANSITIONS AND RELATIVE INTENSITIES 

Lower Upper 
State State 
Energy Energy 
(urn-±) (cm -~) 

AT VARIOUS TEMPERATURES IN THE U l REGION 

I Relative Intensity 

Band ! 
Center 300 i000 1250 1500 1750 2000 3000 
(cm -~) (K) (K) (E) (E) (E) (K) (K) 

tn 
%o (ooo) .(lOO) 

(OLO) (11o) 

(020) (120) 
l 
I(100) (200) 

1oo1,! ( i o i )  

(o3o)" (13o) 
I (ii0) (210) i 
I (011) (111) 

(040) (140) 
l 

0* 3650.0 3650.0 

1590.0 5225.0 3630.0 

3151.0 6761.0 3610.0 

3650.0 7212.2 3562.2 

3755.4 7250.4 3495.0 

4668.0 8257.9 3589.9 

5225-.0 8767.2 3542.2 

5330.6 8805.5 3474.9 

I 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

0.000 0.I01 0.160 0.217 0.269 0.317 0.466 

I 0.000 0.011 0.027 0.049 0.075 0.104 0 . 2 2 1  
| 

I 0.000 0.005 0.015 0.030 0.050 0.072 0.I]4 

I 0.000 0.005 0.0~3 0.027 0.046 0.067 0.165 

0.000 0.001 0.005 0.011 0.022 0.032 0.i01____~ 

! 0.000 0.001 0.002 0.007 0.014 0.023 0.0El 
i 
I 0.000 0.000 0.002 0.006 0.012 0.022 0.07~ , 

I 6146.0 9715.9 3569.9 I 0.000 

* Assigned value 

A 
0.000 0.001 0.003 0.006 0.012 0.032 l 

m o 
o 

-n 

oi 
O 
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TABLE 6 

GROUND VIBRATIONAL 

ROTATIONAL ENERGY LEVELS 

STATE 

FOR J=0 TO 5 

J (K_IK 1) 

0(0,0) 

1(0,1) 

1(1,1) 

1(1,0) 

2(0,2) 

2(1,2) 

2(1,1) 

2(2,1) 

2(2,0) 

3(0,3) 

3(1,3) 

3(1,2) 

3(2,2) 

3(2,1) 

3(3,1) 

3(3,0) 

4 ( 0 , 4 )  

4(1,4) 
4 ( 1 , 3 )  

4 ( 2 , 3 )  

4 ( 2 , 2 )  

4 ( 3 , 2 )  

4 ( 3 , 1 )  

4(4,1) 
4 ( 4 , 0 )  

5 ( 0 , 5 )  

5 ( 1 , 5 )  

5(1,4) 

5(2,4) 

5(2,3) 

5(3,3) 

5(3,2) 

5(4,2) 

5 ( 4 , 1 )  

5(5,1) 

5(5,0) 

E (cm -1 )  
Relative Population at 

300 K i000 K 200G K 

0 

23.8 

37.1 

42.3 

70.2 

79.5 

95.2 

135.0 

136.0 

136.9 

142.9 

170.6 

206.4 

232.7 

286.6 

286.8 

222.3 

225.0 

275.9 

300.6  

316.9 

383.8 
385.2 

484.6 

487.7 

325.9 

327 .'i 

400.4 

416.9 

447.8 

505.6 

510.7 

615.2 

615.5 

758.5 

758.5 

1.00  1 .00  . 1 .00  

0 .89  0 .97 0 .98  

0 .84  0 .95  0 .97 

0.82 0.94 0 .97  

0 .71  0 .90  0 .95  

0 .68 0 .88  0 .94  

0 ,63 0 ,87 0 .93  

0 .52  0 .82  0 .91  

0 .52  0 .82 0 .91  

0 .52 0 .82  0 .91  

0 .52  0 .82 0 .91  

0.44 0 .78  0 .90  

0.37 0 .74 0 .86  

0 .33 0 .72  0 .85  

0 .25  0 .66  0 .81  

0 .25  0 .66  0 .81  

0 .34  0.73) 0 .85  

0.34 0.73 0.85 

0.27 0.67 0.82 

0.24 0.65 0.81 

0.22  0 .63 0 .80  

0 .16 0 .58 0 .76  

0 .16  0.58 0 .76  

0 .10  0 .50  0 .71  

0.i0 0.50 0.71 

0.21 0.63 0.79 

0.21 0.63 0.79 

0.15  0 .56  0 .75  

0 .14 0 .55  0 .74  

0 .12  0 .53 0 .72  

0 .09  0 .48 0 .69  

0.09 0 .47  0 .69 

0 .05  0 .41  0 .64  

0 .05  0 .41  0 .64  

0 .03  0 .34 0 .58  

0 .03 0 .34  0 .58  
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TABLE 7 

THE CONSTANTS ui FOR THE WATER MOLECULE (cm -I) 

Vibration ui A ui B ei c 

1 +0.495 +0.224 +0.145 

2 -2.659 -0.202 +0.105 

3 +1.234 +0.112 +0.169 

TABLE 8 

ROTATIONAL CONSTANTS FOR THE GROUND 

AND GENERAL EXCITED STATES OF WATER (cm -I) 

Vibrational 
State A B C b 

000 27.795 14.508 9.289 -0.1642 
i00 27.300 14.284 9.144 -0.1649 

010 30.454 14.710 9.184 -0.1492 
ii0 29.959 14.486 9.039 -0.1497 

020 33.113 14.912 9.079 -0.1381 
120 32.618 14.688 8.934 -0.1383 
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W12 = (nl,n2,n3/Hl/n I -i, n 2 + 2, n 3) = 

k122 nl 1/2 
2 2 (n2+l) (n2+ 2) (4-18) 

Since k122 has been found to be 71.71 cm -I, then WI2 for the 

interaction of ~i with 2u 2 is 35.86 cm -I. Then for a A = 
-i -i 

505.423 cm , ~ = 500.310 cm . The Fermi shift (F a) is 

-i F = (A-~)/2 = 2.557 cm (4-19) a 

-I 
The unperturbed frequency (~i)° is 3654.497 cm . 

Since the observed band centers are already known from 

high resolution infrared work, the Fermi resonance calculation 

is really incidental to the problem, which is to calculate 

the observed rotation-vibration band envelope in the ~i region• 

As shown in the previous section, the only hot band signi- 

ficantly contributing to our spectrum is (~1+~2-~2) or (010) + 

(110). Now (110) and (010) have been observed at 5235.00 and 

1594.59 cm -1 respectively. The observed (perturbed) hot band 

taking the difference is at 3640.41 om-l. The unperturbed 
-i 

band center of the hot band with W12 = 62.10 and A = 568.30 cm 

is at 3626.67 cm -I. Due to the larger interaction constant, the 

1.'ermi shift is 13.74 cm -I in the hot band versus 2.56 cm -I 

in the fundamental. For our purposes, use of Ul = 3657.05 and 

\~i+~2-~2 = 3640.41, the observed band centers inherently 

includes corrections for Fermi resonance. The frequencies 

presented here vary slightly from those used initially since 

we are now using a set of frequencies and constants compiled 

by D. Smith and J Overend (5) which we believe are the most 

up-to-date and accurate of those published. 
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4.1.5 The Rotational Structure of Vibratianal Bands 

Our discussion so far pertains to the calculation of 

the vibrational band centers. About each band center is a 

rotational manifold representing transitions having the same 

change in vibrational quantum numbers but different in their 

rotational quantum numbers. 

4.1.5.1 Asymmetric Top Rigid Rotor 

Using the geometry shown in Figure 21 and assigning 

the molecule fixed axis XYZ according to Section 4.1.1, the 

instantaneous moments of inertia, 

N 
2), 

IXX = ~ m i (Yi2+ Z i etc. 

i=l 

(4-20) 

are IXX 1.02024 x 10 -40 gcm 2, Iyy 2.93786 x 10 -40 = = , and 

IZZ = 1.91762 x 10 -40 . The instantaneous products of inertia 

N 

Ixy = ~ miXiYi ' 
i=1 

etc. (4-21) 

are Ixy = Iyz = 0. When the cross terms of the inertial 

tensor are zero, the diagonal terms are the principalmoments 

of inertia. When all three moments of inertia are different, 

the molecule is called an asymmetric top. It is customary in 

molecular spectroscopy to designate these axes as a, b, c 

< I b ~ I . It is also convenient to use the rotational with I a c 

constants 

h2/2CIa , etc. (4-22) A 
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with A > B > C. 

in c m  - 1 )  : 

For water the rotational constants are (all 

A = 27.4355 A = 27.795 
e o 

B = 14.5966 B = 14.508 
e o 

C e = 9 . 5 2 7 6  C O = 9 . 2 8 9  

(4-23) 

The first set of constants in equation (4-23) are for 

the equilibrium configuratiod while the second set are for 

the ground vibrational state. Their difference will be dis- 

cussed later. The energy matrix for the rotational states with 

the quantum numbers J and K and using the following notation 

for matrix elements: 

(J,KIHRIJ',K') = R(J,K) HR~R(J',K')dT 

for the rigid rotor the Hamiltonian is 

HR= 1/2 [ Px2 py2 pz2j 
L ix + + -qz 

where 

(4-24) 

(4-25) 

The matrices are 

(J,KIHRIJ,K) = I/2(A ° + C O ) [J(J + i) - K 2] + 2BoK2 

(J,KIHR[J,K +- 2) = 1/4(C o - A o) {[J(J + l) - K(K -+ i) 1 

[J(J + I) - (K +- I)(K + 2)]} 1/2 

(4-26) 

where K = -J, ..., O, ..., J 
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Equation (4-26) will give a symmetric matrix of the following 

type for each value of J. 

-J 

-J+ I 

-J+2 

-J+ 3 

• • • 

J 

-J -J+ 1 -J+2 -J+ 3 J 

K 0 0 b I 0 ...... 

0 K 1 0 b 2 ...... 

b I 0 K 2 0 ...... 

0 b 2 0 K 3 ...... 

• i s  • • • • m • o e m i • • m m o 

............... Kj+ 1 

To simplify calculations this matrix can always be trans- 

formed (block diagonalized) into four submatrices labeled 

E +, E-, 0 +, 0- where E + means having an element where K is even 

and positive. Diagonalization of these matrices gives the 

rotational energy levels. A program was developed to 

calculate these energy levels for each J. 

The Wang asymmetry parameter, (often used to describe 

vibration-rotation spectra) 

C-B 
b = 2[A-I/2 (B+C) ] (4-28 i 

is a measure of a molecule's asymmetry. For the equilibrium 

constants in equation (4-23), b = 0.1649. In the prolate limit, 

A > B = C, b = 0 and in the oblate limit, A = B > C, b = -i. 

Typical asymmetric energy levels for low J are shown in Figure 

23. Note that it is best to show water as a perturbation 
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PROLATE TOP OBLATE TOP 
H ,0 

J K_ I ~ ~ K,J 

; 2 

k -I.O -0 .5  0.0 0.5 I.O 

b 0.0 - 0 . 1 4 2  - 0 .333  - 0 . 6  - I . 0  

FIGURE 23 

ASYMMETRIC ENERGY LEVELS FOR LOW J 
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of the prolate limit rather than of the oblate limit. Another 

way to designate the energy levels is the bipartite index 

K_IK 1 where these are the energy levels in the prolate and 

oblate limits respectively. Also 

K = K_I -K 1 (4-29) 

The energy levels for J = 0 to 5 are shown in Table 6 along 

with the relative population at various temperatures. Unlike 

those intensity values in Table 5, the transition proba- 

bilities for rotation are not constant over J and K_I. There- 

fore, the relative population of the levels is not a measure 

of the relative intensity. The rotational line strengths will 

be considered later; however, they increase more rapidly with 

K_I than with J. The low K_I levels of high J contribute 

extensively to the observed band shape. 

4.2 CALCULATION OF THE ROTATION-VIBRATION SPECTRA IN THE 

91 REGION OF WATER VAPOR 

4.2.1 Higher Order Approximation to the Ener@ies of an 

Asymmetric Rotor - Artificial Distortion 

The effects due to centrifugal distortion are usually too 

small to observe at frequency accuracy and resolutions of less 

than 0.i cm -I. The treatment of the non-rigid rotor adds terms 

of the following type to the energy matrix: (K/K), (K/K+2), and 

(K/K+4). A better (should converge more rapidly) equation for 

the diagonal elements than the one shown previously includes 

the centrifugal stretching constants: 
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B+C J(J+l)+ IA B2CIK2 E=-~- 
(4-30) 

DjJ 2 (J+l) 2 J (J+l) K 2 K 4 
_ _ DjK - D K 

The last terms in equation (4-30) are due to centrifugal 

distortion. It is easily observed that these terms become 

significant at high J and K. The exact values for Dj, DjK 

and D K have not as yet been determined, but they are on the 
-4 -5 -i 

order i0 to i0 cm . But as we have shown, the selection 

rules are AJ = 0 and AK = 0. Hence, the shift in spectral 

lines should have the form: 

(D91 - DO ) j2(j+I) 2+j(j+I)K2+ K 4 (4-31) 

where Dgl - D O , the change in centrifugal distortion between 

the ground state and 91 , is at most of the order 10-6cm -I. For 

example, a line that should contribute to our observed spectrum 
-1 

is J = 20 and K = 9, is shifted only 0.2 cm . 

4.2.2 Hi@her Approximations to the Ener@ies of an Asymmetric 

Rotor 

4.2.2.1 Rotation-Vibration Interaction 

The rotational constants of excited vibrational states 

will be different from those in the ground state since the 

geometry of the molecule changes with excitation. This depend- 

ency has been determined, using harmonic oscillator wave functions, 

and is as follows: 

A 9 = A e - ~iA(ni + 1/2), etc. (4-32) 
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Since this is a small perturbation to the rigid rotor energy 

levels• the harmonic approximation is adequate. For water 

the constants ei are shown in Table 7. The rotational con- 

stants for the vibrational states involved in the fundamental 

and the two most intense hot bands as calculated in Table 5 

are tabulated in Table 8. The tabulation of the Wang asymmetry 

parameter shows there is very little change in asymmetry for 

An I = I, and hence this does not contribute to the band struc- 

ture. 

4.3 CORIOLIS PERTURBATION 

Two vibrations may interact through Coriolis coupling 

when the "product" of their species contains the species of 

a rotation of the molecule (Jahn's rule). The interaction is 

significant only when the two vibrations are nearly degenerate. 

For water ~i at 3652 cm -I and ~3 at 3756 cm -I are close enough 

to strongly interact and 

AI(U I) X Bl(U 3) = BI(Ry). (4-33) 

Since Y has been identified with the rotation constant C, this 

will be C-type Coriolis Coupling whose nonvanishingmatrix 

elements are 

and 

(Vl•J KIH I' lU3•J•K_+l) = i f(J,K•_+ )RIC 

C 
- -i f(J,x,_+ )R 1 

where 

RIC = ~13 Ce [ 1~i~3)~ 

i=/r[ 

and 

f(J•K,+ ) = ½[J(J + i) - K(K + i)] 
% 

(4-34) 

(4-35) 
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TABLE 9 

CALCULATED AND OBSERVED Q BRANCH TRANSITIONS BETWEEN 

THE VIBRATIONAL STATES (000) AND (i00) FOR H20 VAPOR 

State Observed (cm -1) Calculated (cm -1) 

J(M_ I, k I) 

0(0, 0) 3657.054 3657.054 

i(0, I) 3656.66 3656.695 

1(1, 1) 3656.171 3656.414 

1(1, 0) 3656.114 3656.335 

2(0, 2) 3655.85 3655.962 

2(1, 2) 3655.41 3655.755 

2(1, I) 3655.29 3655.518 

2(2, 1) 3653.79 3654.691 

2(2, 0) 3653.81 3654.705 

3(0, 3) 3654.62 3654.907 

3(1, 3) 3654.26 3654.774 

3(1, 2) 3655.03 3654.302 

3(2, 2) 3652.58 3653.598 

3(2, i) 3652.62 3653.531 

3(3 ,  1) 3649.98 3652.037 

3(3 ,  O) 3649.93 3652. 036 

4(0,  4) 3652.95 3653.553 

4 (1 ,  4) 3652.73 3653.480 

4(1 ,  3) 3652.28 3652.699 

4(2 ,  3) 3650.96 3652.133 

70 



AEDC-TR-75-150 

TABLE 9. (Continued) 

4(2, 2) 

4(3, 2) 

4(3, i) 

4(4, l) 

4(4, 0) 

5(0, 5) 

5(1, 5) 

5(1, 4) 

5(2, 4) 

5(2, 3) 

5(3, 3) 

5(3, 2) 

5(4, 2) 

5(4, 1) 

5(5, 1) 

5(5, 0) 

3650.77 

3648.34 

3648.02 

3646.86 

3646.64 

3650.95 

3650.83 

3650.08 

3648.94 

3649.41 

3646.36 

3645.12 

3647.65 

3645.89 

3640.00 

3639.81 

3651.943 

3650.537 

3650. 529 

3648. 385 

3648.385 

3651.916 

3652. 880 

3650.731 

3650.318 

3649.921 

3648.658 

3648. 621 

3646.509 

3646.509 

3643.743 

3643. 743 
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~13 Y is the Coriolis coupling constant. For each J, there 

will be a Hermetian matrix (aij = a~i where * means complex 

conjugate) of order 4J + 2. If ui are the 2J + 1 matrices 

described in Section 4.1.5.1, the block diagonalized energy 

matrix will have the form 

~i ~12 

~[2 v3 (4-36} 

where ~12 is 2J + 1 matrix with the elements described in 

equation (4-34). This matrix can be further block diag- 

onalized into four submatrices of J + I, J + i, J and J 

dimensions where the interacting sets of rotation-vibration 

states will be: E~--~0 + and E+~-~0 -. 

Fraley and Rao (6) give the observed energy levels of 

H20 up to J = 9 for the vibrational states (000}, (I00), and 

(001). We have calculated the ground state levels for up to 

J = 5 without including the effects of Coriolis interactions. 

The comparison of the observed and calculated results, Table 9, 
-I 

shows maximum differences of no greater than 1 to 2 cm . Thus, 

we can assume that Coriolis coupling can be neglected for low 

values of J. For large values of J, J > 15, this interaction 

may yet have to be included in the calculations. This will be 

determined when the initial calculations are carried out for 

temperatures greater than i000 K. 
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4.4 SELECTION RULES FOR A-TYPE BANDS IN AN ASYMMETRIC TOP 

Once the energy levels of the upper and lower states have 

been determined, the selection rules tell us what transitions 

can occur. The selection rules for Raman transitions where 

only ~XX' ~YY' and UZZ are different from zero are: 

AJ = 0, ±i, ±2 

e e  e e  

e o  e o  

o e  o e  

o o  o o  (4-37) 

where ee etc, refer to the bipartite notation K_IK 1 and means 

both K_I and K 1 are even. The dominant transitions are those 

where AJ = 0, the so called Q branch. This sharp strong 

central "line" will in general be the only feature that is 

observed. The changes AK_ 1 and AK 1 can be 0, ±2, ±4, . . . 

However, those with AK_I and AK 1 = 0 will be dominant. Con- 

sequently the rotational structure about Ul and its hot bands 

will be primarily transitions where 

nl, J(K_I,K 1) ÷ n I + 1, J(K_I, K1). (4-38) 

There are two reasons why these lines do not exactly coincide: 

(a) the asymmetry of the molecule changes on excitation 

of ~i" This was shown in Table 8 t o be relatively 

small. 

(b) Coriolis coupling with ~3" 

4.5 CALCULATION OF RELATIVE LINE STRENGTHS 

The transition probability for Raman lines is 

I (V,RI  olv,,R')'I 2 (4-39) 
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m m 

where po =mE. pc, the time-independent induced dipole moment 

is equal to the polarizability, a, times the applied field. 

o ~ R lUgg , I v, , Iv ,a')1 2 
g g ' 

(4-40) 

It is possible to separate the rotation and vibration parts of 

the integral in equation (4-40) as follows 

(V,RlUgg, IV',R') = (Vlegg, IV')(RI~Fg~Fg, IR') 

(4-41) 

It is not necessary to know the exact values of the (VlUgg, IV'), 

merely that the quantity is nonvanishing. Hence the line 

strengths can be defined as 

F~g i (RI~Fg~F,g ,IR,, ) j2 (4-42) 

and, by combining these appropriately with the lower state 

Boltzmann population, the relative intensities of vibrational 

rotational transitions may be calculated. The Coriolis 

coupling leads to an intensity perturbation also and must be 

taken into account. The eigenvectors determined in the diagonal- 

ization of the 4J + 2 Hermitian matrix can be used to find 

the degree of v 3 character in the line. Since in the Raman spec- 

trum the intensity of ~3 is nearly zero, multiplication by one 

minus this factor will be used to reduce the intensity. 

4.6 CALCULATION OF THE BAND ENVELOPE 

Once the intensity and frequency of the component lines 

have been determined, the overall band envelope at a given 

temperature can be determined. 

74 



"A EDC-TR-75-150 

Gaufres (7) gives for the intensity of a vibration-rotation 

Raman line 

(V', J', n', M' ÷ V", J", n", M") ct pc) • [<v"[ctj k[V' >]2 [< j,, ,,, ,, , n M ]Opujk[J1 , n t , M' >I 2 

j, k (4-43) 

A vibrational band is allowed when at least one of the six 

different elements of <V"lUjklV'> is non-vanishing, while the 

rotational structure of an allowed band arises from the non- 

vanishing elements of the second term of the product. In ex- 

pression 4-43, the molecular coordinates are represented by O 

and a, the laboratory coordinates by j and k, the single prime 

and double prime denotes the upper and lower states of the vi- 

brational, rotation and magnetic quantum states respectively 

for V, J, M and n where n represents a rotational quantum 

number other than J. The term ~k is the polarizability tensor 

of the molecule and %po4kj is the orientation matrix of the 

molecule in the laboratory reference frame. Its elements are 

the Euler angles defined by the system. 

The polarizability tensor may be written as 

%x %y %-. 
%ix = = yy yz 

:Xzx C~zy C~zz 

in which 

I 0 0 

= ct 0 

0 a 

and 

1 = + C~ 
c~ ~- ( axx YY + %z ) 

+ 

l 

~l XX xy XZ 

l~ 'yx u' ~' yy yz 

~i ZX zy Z Z 

(4-44) 

C~ t -- jj = ~jj 

and 

(~! ----- j ~k ( j @ k) . jk 
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The trace of the LHS of equation 4-44 is given by the first 

term of the RHS of equation 4-44 and the anisotropy of e .. is l] 
given by the second term in the RHS. The selection rules for 

trace scattering are known to be: (7) 

J' = J", n' = n" and M' = M" 8 

Thus, trace scattering can only be in the Q branch (AJ = 0), 

whereas the anisotropy scattering occurs from O, P, R, and S 

branches (AJ = ±1, ±2). 

The trace scattering and the anisotropy scattering may be 

separated experimentally since the polarized spectra, Ill, and 
I I 

the dipolarized spectra, If, are functions of the trace and 

anistropy scattering: 

III u 45Itr + 41anis (4-45) 

11 ~ 3Ianis 

We have shown experimentally that the water vapor spectrum m~y 

be safely approximated as only trace scattering. 

Gaufres gives for the line intensity of trace scattering 

for asymmetric topsthe following expression: 

I(J) = F(J) x (2 J + l)g" exp(-Erot/kT) (4-46) 

In this expression the pre-exponential term F(J) is approximated 

to be unity. This is only valid for isotropic scattering; for 

anisotropic scattering F(J) becomes a complicated function depen- 

dnet on symmetry. The term E"ro t is the ground state energy level 

of the transition. The theoretical evaluation of it has been dis- 

cussed previously. The term g" is the nuclear spin degeneracy in 

the initial state. For the water molecule it has a value of 3 

for symmetric states and 1 for anti-symmetric states. (8) 
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SECTION V 

CALCULATED RAMAN BAND PROFILES OF THE ~i REGION OF H20 VAPOR 

5. 1 COMPUTER PROGRAM FOR CALCULATION OF THE Q BRANCH OF H20 

VAPOR IN THE Ul REGION 

The problem of calculating the Raman band profile of water 

vapor in the ~i region is greatly simplified by the absence of 

any significant contributions from anisotropic scattering. This 

fact was clearly demonstrated in Section 3.3 in the discussion 

of the polarized Raman spectra. The selection rules for the 

water molecule predict that only the Q.branch of the rotation- 

vibration transition manifold may be active in isotropic Raman 

scattering. 

5. i.i Limitations an~ Description of Calculations 

A computer program was generated (Appendix) to calculate 

the Raman band profile of H20 vapor. The program was written in 

such a manner as to design a theoretical model which reproduced 

the experimental observation as closely as possible. For example, 

the experimental spectra were obtained with a spectral slit width 
o 

of 8 cm -I (=3 A) and the computer program uses a slit function 

with the same width. No provisions were made for changing this 

function with external input statements. 

Since the calculation involves analyzing very low resolution 

spectra, the perturbation of line position due to centrifugal 

distortion and Coriolis coupling, and the effects of pressure 

broadening doppler shifts and natural line widths were not 

included in the calculation of the contour shapes. These effects, 

which perturb the line widths of the Q branch of H20 by tenths 

of wavenumbers and the line positions by less than a wavenumber, 
-1 

are insignificant in the 8 cm spectrally resolved, spectra. 
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The computer program which was written is thus severely limited 

in application. It can only reproduce the first three 

vibrational hot bands of the 91 band of H20 and their Q branches. 

It may only calculate with any degree of certainty low resolution 

spectra (8 cm-1). The program includes no provisions for higher 

perturbations to the line positions or line intensities. 

The program used the'Scientific Subroutine "EIGEN" for 

diagonalizing the energy matrices. The program calculates the 

eigen values for J maximum of 30. 

5.1.2 Slit Function 

To reproduce theoretically an experimentally obtained 

band shape, it is necessary to use a theoretical instrument 

function that closely resembles the actual instrument function. 

In practice, workers have successfully used both Gausian and 

triangular slit functions. In order to determine which function 

best fits our instrument function, the instrument slit function 

was determined experimentally. It was observed, Figure 24, 

that a triangular function more closely resembled the low 

resolution instrument function than did the Gausian function. 

This instrument function was determined by scanning a laser line 

of width =0.1 cm -1 with the monochromator set at 8 cm -I. There- 

fore, the triangular slit function was used in these present 

calculations. 

5.1.3 Computer 

The computer program was written in Fortran IV language 

for use on a Data General - NOVA computer. Since the core size 

of this computer is small, it was necessary to break up the large 

program into four smaller ones. The NOVA computer with disk 
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INSTRUMENTAL SLIT 
FUNCTION (8 cm-' WIDTH TRIANGULAR SLIT 

FUNCTION (8 cm-! WIDTH) 

FIGURE 2 4 

COMPARISON OF INSTRUMENT AND THEORETICAL SLIT FUNCTIONS 
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5.4 THEORETICAL LINE ANALYSIS 

The calculated Raman band contours of water vapor at 1500 K 

are shown in Figures 27 to 29 for the (i00)~ (000) transition 

with slit functions of 8, 4 and 2 cm -I respectively. The low 

resolution contour lacks fine structure, however at increasingly 

higher resolution a definite fine structure which is only 

slightly regular appears. 

The pattern which is quite clear in the 2 cm -I slit function 

contour is unexpected and not predicted as a highly asymmetric 

top such as H20 should not have a regular pattern in its Q branch. 

To determine the reason for the peculiar fine structure in 
-i 

the 2 cm contour of Figure 29, it is necessary to analyze which 

lines and therefore which J and K_IK 1 components are contributing 

to the fine structure. In Table i0 are the component lines 

which are found to be contributing to the intensity of peaks 

located at 3631 and 3627 cm -I of Figure 29. Note that the 

pattern is irregular and that the grouping of the lines to form 

the fine structure in the calculated contours is merely coinciden- 

tal. 

The overall intensity of the band contour arises from a 

Boltzmann distribution within the Q branch. In general, it is 

seen that those lines with low J and K contribute most to the 

band intensity. The fall-off in intensity as J or K increases 

is strictly a statistical result. Furthermore, the shift of the 

line from the band center increases with J and K. At temperatures 

above 1500 K band contour extends several hundred wave numbers 

below the band center. An analysis of the line positions and 

intensities indicated that very little intensity was contributed 

to the overall band intensity for J values greater than 20 and 

JMAX = 25 was more than sufficient for calculating the band con- 

tour at 2000 K. 
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TABLE i0 

PARTIAL LIST OF LINE POSITIONS 

Lines in Region 
-i 

(3629.5+3632.5 cm ) 

Lines in Region 

(3627.5+3629.5 cm -1) 

j K_I K 1 J K_I K 1 

7 (0,7) (7,0) 8 (i,8) (5,4) 

8 (1,7) (5,3) 9 (2,8) (6,3) 

9 (2,7) (7,3) 10 (3,8) (8,3) 

10 (3,7) (8,2) (9,2) 11 (4,8) (9,2) 

11 (4,7) (10,2) 12 (5,7) (12,1) 

12 (6,6) (12,0) 13 (6,7) (13,0) 

1. The lines in the 3629.5÷3632.5 cm -I region correspond to a 

peak in the 2 cm -I resolution spectra - Figure 29. 

2. These lines in the 3627.5+3629.5 cm -I region correspond to 

a valley in between peaks in Figure 29. 
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5.5 COMPARISON OF CALCULATED CONTOURS TO OBSERVED CONTOURS 

The comparison between the observed Raman band contour 

and the calculated contours is demonstrated in Figure 30. The 

observed Raman band profile, obtained at ~ 1100 K, is plotted 

with the calculated contours of i000, II00 and 1200 K. There 

appears to be excellent agreement between the calculated tempera- 

ture profile at ii00 K and the temperature obtained from the H20 

Raman spectrum. These results clearly show that if the signal 

to noise statistical error is sufficiently low the flame tempera- 

tures obtained from an analysis of the Raman band of H20 are com- 

parable to those previously obtained from analysis of the N 2 band. 

The experimental spectra discussed in Section III have an 

uneven band contour which appears to increase with temperature 

and at first examination appears to be fine structure. However, 

the spectra obtained at 1650 and 1750 K do not have this shape 

in their contours. It is suspected that this structure on 

the contour arises from Na emission: the spectra obtained be- 

tween i000 and 1500 K were carried out by photon counting tech- 

niques, whereas the higher temperature spectra were obtained using 

phase sensitivity detection which eliminated the flame emission 

problem. 

The experimental Raman band profiles show quite clearly 

the relationship between the asymmetry and the temperature of 

the water band. A relationship, therefore, should exist between 

the full width at half height (FWHH) of the Raman band profile 

and the rotational-vibrational temperature of the water molecules. 

In Figure 31 a theoretical FWHH versus temperature plot is shown. 

The experimentally observed FWHH's of the water band at the 

temperatures determined from the N 2 band analysis have been put 
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in the figure to show the comparison. The error bars shown on 

this data represent the one sigma error uncertainty in deter- 

mining the FWHH (±25 K). Note that within experimental error, 

the use of the experimentally obtained FWHH's is accurate enough 

for equilibrium temperature determination of the water molecules 

in the flame gases. 
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SECTION VI 

CONCLUSIONS AND RECOMMENDATIONS 

~.0 SUMMARY OF WORK ACCOMPLISHED 

In accordance with the Work statement for this contract, 

the work accomplished and submitted in this technical report 

includes, but is not limited to, the following: 

a. ExPerimental Study 

(i) Results have included Raman Stokes cross sections 

of H20 relative to N 2 at room temperature and at 

a minimum of five temperatures between I000 - 1750 K. 

Section III. 

(ii) Verification that temperatures were calibrated us- 

ing Raman scattering of nitrogen. Section III. 

(iii) Estimates of inhomogeneity of the source tempera- 

ture and the flame specie number density values 

are discussed in Section III. Due to the large 

number of variables present in the experiments, 

a measurement of these errors was too difficult 

to obtain. 

(iv) Verification of the wavelength calibration of 

the monochromator and that the wavelength uncer- 

tainty is inconsequential to the spectra obtained. 

Section III. The instrument was calibrated with 

lamp standards to an accuracy of ±I cm -I and since 

the present data was low resolution (~ 8 cm -I) the 

wavelength uncertainty can be disregarded. 

(v) The major contributions to the experimental error. 

Section III. 

~vi) Documentation that studies were performed at a 

second wavelength to verify that Raman cross-section 
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scaling varies as the source wavelength to the 

fourth power. Section III. 

Theoretical Study 

(i) A computer program (in Fortran IV code) is pro- 

vided that allows for only the theoretical calcu- 

lation of the water vapor band Q branch profile 

at various temperatures. Appendix. 

(ii) Calculated Raman band contours of water vapor in 

the v I region over a wide range of temperatures. 

Section V. 

(iii) Experimental verification that the contribution 

of the anisotropic Raman scattering by the ~i 

band of water vapor is negligible and need not 

be considered. Section III. This is true only 

for these low resolution studies. Polarization 

experiments at high resolution are required for 

further verification. 

(iv) The results of the theoretical study include an 

interpretation and correlation of the water vapor 

spectrum, an analysis of the observed Raman band 

energy levels in the ~i region of water vapor, and 

a comparison of the observed experimental Raman 

band contours and the calculated contours. 

6.1 USE OF H20 RAMAN BAND PROFILES FOR TEMPERATURE AND SPECIE 

DENSITY STUDIES 

The results of this study show quite clearly that Raman 

scattering studies of water vapor can give temperature and specie 

densities. The work has demonstrated that, if signal-to-noise 

statistics allow, the Raman data obtained from water vapor gives 

comparable results to that obtained from N 2 Raman data. The 

accuracy of these determinations is not greater than ± 50 K for 

93 



AEDC-TR-75-150 

temperature and not greater than ±10% in number density. 

6.2 RECOMMENDATIONS FOR EXTENDED WORK 

6.2.1 Modification of the Computer Program 

Since this work clearly demonstrates the high degree of 

success in reproducing theoretically the observed Raman band 

contours of low resolution H20 spectra, it is recommended that 

future work be carried out to extend this study. The study 

should include the following: 

(1) the generalization of the computer program for 

calculation of aaman spectra for any molecule of any 

symmetry in the vapor phase; 

(2) a theoretical study to determine the intensity 

expressions for the anisotropic Raman scattering of 

asymmetric tops~ 

(3) modification of the program for calculation of 

theoretical high resolution spectral This will include 

the ability to include the effects of Doppler broadening, 

pressure broadening, centrifugal distortion, Fermi 

resonance, Coriolis coupling effects, and several kinds 

of slit functions in the theoretically calculated spectra. 

6.2.2 Experimental Work on Other Molecules 

It is recommended that Raman scattering experimental 

studies be carried out on other flame species of interest 

simultaneously with the theoretical studies proposed. These 

studies should be carried out to obtain cross sections of interest 

and to verify the theoretical calculations. The possibility of 

using Raman scattering spectroscopy in burnt fuel diagnostics 

has been clearly demonstrated by a number of workers and by this 

study. Advantage should be taken of this technique and it should 

be pursued to its fullest. 
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APPENDIX. 

COMPUTER PROGRAM FOR CALCULATING 

LOW RESOLUTION RAMAN BAND 

PROFILES OF H20 IN THE 

~i REGION 
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C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 

2 

THI S BFUTE FORCE PFOGFAM CALCtT.ATE5 THE 
TFACE SCATTEFING FURMAN BAND PROFILE SPECTRD~4 
F0F H20 AT VAPIOU5 TEMPERATURES UP TO 2000K 

C 
DIMENSION AC 1326).,AICEI},,A£¢23~,B~C2).COC~2}~AC(80~) 

THE FOLLOWING SERIES OF DO LOOPS COMPUTES THE ELEMENTS 
OF THE ENERGY MATRICES FOR THE %'IBRATIONAL STATES OF H~0 
( 2 0 0 ) , ¢  1 0 £ ~ , ¢ 0 1 ~ ) a (  l 1 0 ) ~ ( e 2 0 ~ d , ( 1 2 0 )  FOR VALUES 
OF O UP TO 30 

CALL RESET 
CALL FOPEN (O,'AgOO'a'4} 
CALL FOPEN (la'AlOO'a4) 
CALL FOPEN (2a ' A O I £ ' J 4 }  
CALL FOPEN ( 3 , , ' ~ ! 1 ~ ' a 4 ~  
CALL FOPEN ( 4 , ' A e 2 0 ' a 4 )  
CALL FOFEN (5,. ' A I 2 0 ' , P 4 )  
I l l = 0  
DO le  M = l . 6  
A0( 1 } = 2 7 , 7 9 5  
B0[  I ) = 1 4 . 5 0 8  
Ce( I ) = 9 - 2 8 9  
A0¢ 2)= 2?.  300 
]50(2)= 1 4 . 2 8 4  
C0( ~ ) = 9 .  14z~ 
A0( 3)= 3 0 . 4 E 4  
B 0 ( 3 ] =  14o 170 
C 0 ¢ 3 } = 9 .  184 
A0( 4 ) = 2 9 . 9 5 9  
B0(43= 14 .48E 
C0¢ 4 ) = 9 .  e39 
A~( 5 ) = 3 3 .  113  
B ~ ( 5 ) = 1 4 . 9 1 2  
C0( 5 ) = 9 .  879 
A 8 ( : 6 3 = 3 2 . 6  18 
B 0 ( 6 } =  14. E88 
C 0 ( 6 ) = 8 . 9  34 
L=.25 
LL=2  
DO ! Jffi I , L  
ME--(C: ( 2 a j ) ÷  l ) = = 2 + ( . (  2 = d ) +  ! ) ) / 2  
DO 2 O 0 = l a M E  
A ( O O ) = e - ~  
CONTINUE 
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33 

3 

4 

C 
C 
C 

C 
C 
C 
C 
C 
C 

5 
16 

ME"¢(  ( 2 * O ) ÷ l ) = = 2 * C C 2 f f i J ) ÷ l ) } / 2  
I I = !  
K = - J  
MEE=2=J+2  
DO 3 I=2*MEE 
ACI I )ff i. 5= C BOCM) ÷C~CM) ),~ CJ,- CO÷ I ) -  CK==2)  ) ÷A(~CM)* ( I , { I " 2 )  
I F C K . E C . -  I )  ACII)=ACII}-.25=CB0¢M)-C0CM))*J=CJ+I) 
I F C K .  E@. I)ACII)fACII)÷.25'BCB0¢M)'COCM))=J*CJ+ I} 
IFCK.LT.0)G0 TO 33 
A¢II)=A¢II)÷~* I 
II=II+I 
K=K÷ I 
CONTINUE 
I I = 4  
K - - J  
DO ~ I=/4~MEE 
N = J ~ C J +  I ) 
ZT= I- 0=CN-K*CK÷ I ) ) 
ZP= I .  @*CN-CK÷ I ) = ( K + - ' )  ) 
ACI I ) = .  25-( BOCM ) -  C~¢M ) )'(ZT=ZP)==, 5 
I F  (K.EC.-£) A C l Z ) = 0 - e  
I F  C K . E Q . - I )  A C l I ) = 0 - 0  
I F C K .  E ~ .  ~) /~C I I )= C 2 .0== .  5)mAC I I ) 

I I = I I + I  
KffiK÷ I 
CONTINUE 

THE FOLL0trlNG .CEl~IES OF STATEMENT- c C#~..LS 
-cUBPOUTINE EIGEN ANI~ DI/tGONP.LIZE£. THE 
ENERGY MATI~ICE c F0F THE ENEF.GY LEV,KL$ OF 
E~CH VIBF, ATIONAL C'rATE AND DETEPMINE5 THE 
TR/~qSI,TIONA.'L ENERGIE.¢. • FOR THE 9 BP~/q~H OF THE 
FUNDAMENTAL AND THE FIF.ST T~0 HOT BP2qDE 

N=J 
I F C O - E ~ - l )  GO 'TO lE 
CALL EIGENtA. ,~ . ,Na l )  
I l f l  
DO 5 l = l . , O  
A I (  I )=AC I I ) 
I I = I I * I ÷ 1  
CONTI NI.'E 
I%1(l)-'A(1) 
IFH= C j . j + J ) / 2  
N N f J +  IFH÷ I 
N U f J ÷  1 
MM= 1 
DO I I I= I~NU 
DO 12 I I = I * I  
ACCMM)ffiACNN) 
MM=MM÷ l 
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12 

11 

14 

13 

6 
I 

10 

NN=NN÷ ! 
~0NTINUE 
NN=NN÷J 
CONTINUE 
N = j +  ! 
DO 14 I-- IaNU 
~ ( I  ~=AC¢ I ) 
CALL EZGEN CAaP,  N, ! )  
MM= l 
, / J=2  
N=¢ 2 1 J } +  l 
DO 13 I=NU,  N 
A I ¢ I  ) -A(MM) 
MM=MM÷JJ 
J J = j d +  I 
CALL FSEEK (III,LL~ 
DO 6 I=I,N 
A2=AI ¢I ) 
%:FITE BINAFY (Ill) A2 
LL= LL ÷ 1 
CONTINUE 
CONTINUE 
CALL F C L 0 £  ( I l l )  
llI=lll÷l 
TYPE 'LEt'EL 'a M 
GONTINUE 
CALL FCM&~N ( ' T E S T 2 . 5 V ' )  
END 
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5 

10 

15 
20 
25 

30 

35 

ae 

45  
50 
55 
60 

6 2  
65 

68 

70  
75 

/ 8  

SUBROUTINE E I G E N ( A a R a N J M V )  
DIMENSION A( I ) , R ( 1 )  
FANGE= 1 . 0 E - 6  
I F C M ~ - I )  10 ,  2 5 ,  10 
I ~ = - N  
DO 2 8  J= I , N  
I Q-- I Q+N 
DO 20 I = I * N  
I J = l  ~ * I  
E c I J ) = B . e  
I F ( I - J )  2 0 ,  1 5 , 2 0  
P . ( I J )  = 1 . 0  
CONTINUE 
ANOPH= 0 . 0  
DO 35 I = I , N  
DO 35 J = I , N  
I F ( I - J )  3 0 . 3 5 .  30 
I A m I + ¢ J = J - J ) / 2  
P.N 01:~= ~ 0 FI~ + At I ;1) = A( I A) 
C0N ~ I N UE 
I F t A N O P M )  165 .  1 6 5 , 4 0  
ANOFH = 1 • 4 1 4 =  SQ~T( ANOFM ) 
AN FMX= ANOPHm RAN G E / F L 0 / 1 T ( N  ) 
I N I ~ 0  
THL~'- AN0 RM 
THR- T H R / F L O A T ( N )  
L= 1 
M=L+ l 
M O = ( M = M - M ) / 2  

L0=  ( L = L ' L ) / 2  
LM=L +M 0 
I F ¢  ~ B S ( A ( L M ) ) - T H R )  130 ,  e 5 , 6 5  
INL "= 1 
L L s L + L Q  
MM=M +M 0 
X= 0 . 5 = C A ( L L )  -ACMM) ) 
Y=-A(LM)/ S Q R T t A t L M ) = A ( L N ) + X ~ X )  
I F ( X )  7 e ,  7 5 ,  75  
y=  -Y 
SINX=Y/ -,e0RT( 2 .  0=¢ 1 . 0 + (  $ ~ E T ( I . 0 - Y = Y ) ) ) )  
$I NX2= SINX= $INX 
C0$X= S ~ R T ¢ I . 0 - S I N X 2 )  
CO ~ 2= CO SX.= C0 SX 
SINCS= S I N X "  C0 SX 
IL~--N= ( L -  1 ) 
IN  (~.Nm ( M -  1) 
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8 0  
85  

9 0  
9 5  

1 0 0  

185 
110  

I 1 5  
120  

125 

130 
135 

14e 
t 4 5  

150 
155 

160 
165 

170 

175 

DO 125  I = I , N  
I C= C I m l -  I ) / 2  
I F ( I - L *  8 0 ,  1 1 5 , 8 8  
I F ( I - M )  8 5 ,  1 1 5 , 9 0  
I M = I ÷ M 0  
G0 TO 95 
IM=M÷I 
I F ( I - L )  1 0 ~ ,  l e S ,  105 
X L = I + L Q  
GO TO 110  
I L = L + I  0 
X=A¢ I L ) =  COSX-A( IM)ffi SINX 
A(IM)=A( IL  ) -  SINX+A( lM)-'C0c.X 
A( IL )=X 
I F ( M V - I )  1 2 0 ,  1 2 5 ,  120  
I L ~ = I L O ÷ i  
I H R = I M ~ + I  
X= P.( I L E ) * C O S X -  E¢ I M R ) *  51NX 
E( IMF} t i P ( I L R ) =  SINX÷E(INF.)*. COSX 
F( ILP . )=X 
CONTINUE 
X=2.0*A(LM) = SINCS 
Y= A(LL) =. CO SX 2÷A¢MM ) *  $1NX 2-.X 
XfA( LL )* SINX~÷A(MM ) = C0 ¢X~÷X 
A(LM}= CACLL} -A(MM} )= SINCS÷A(LM)=( C0 SX2- SINX2) 
A(LL}=Y 
A(MM }=X 
IF(M-N) 135, 140, 135 
M-M÷ 1 
GO TO 60 
IF(L-(N-I)} 145, 1 5 0 ,  145 
L=L÷ I 
GO TO 55 
IF(IND-I} 1 6 e s  155, 16e 
IN D = e  
GO TO 50  
IF¢THR-ANRMX} 165, 165,45 
I e=-N 
DO 185 I = I~N 
I C= I C,÷N 
L L = I  * ( I * I - I  } / 2  
O E~.=N= { I- 2) 
DO 185 J=I,N 
J¢=JC÷N 
MM=j+(j*J-J)/ 
I F ( A ( L L ) - A ( M M } )  170., 185 ,  185 

• A ( L L  }=A(MM } 
A(MM ) =X 
IF(MU-I} 175, 185, 175 
DO 1Be K=I,N 
IL  F.= I C+g 
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185 

P. 

IMF.=JG+K 
X=]:( ILF.3 
FC|LP)=R(IMR) 
Re IM R) =X 
CONTINUE 
PI:TUPN 
EN D 
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DIMENSION FINT(400) 
COMMON FINT, TEM 
TYPE 'TEST2' 
CALL RESET 
CALL F O P E N ( 0 ,  ' A 0 0 0 ' m 4 )  
CALL FOPEN(I.'A100',4) 
CALL F O P E N ( 2 , ' A 0 1 0 ' , 4 )  
CALL FOPEN( 3 ,  ' A !  1 0 ' , / 4 )  
CALL 'FOPEN t 4 , ' A 0 2 0 ' , 4 )  
CALL FOPEN ( 5 J , ' A I 2 0 ' , 4 )  
L=25  
LN=L+ I ÷ ( L ) =  (L+  ] )  
EL l=  3 6 5 7 -  054 
r l - I  I ' E L I  
E L 2 - 5 2 2 5 . 0 -  1 5 9 ~ -  0 
EL21=EL2 
EL3=676 I. 0 - 3 1 5 1 . 0  
EL 3 l= F.J.. 3 
DO I t  I J = 2 ,  LN 
CALL FSEEK ( l , I J )  
READ BINARY ( I )  A2 
A22= A2 
CALL FSEEK ( 0 ,  I J )  
READ BINARY ( ~ )  A2 
EL I = A 2 2 " A 2 ÷ E L  I I 
CALL FSEEK ¢ l ,  I J )  
WRITE BINARY ( | )  ELI  

• CALL FSEEK ( 3 .  l ,J )  
READ BINARY ( 3 )  A2 
A23=A2 
CALL FSEEK ¢2,  I J )  
READ BINARY ( 2 )  A2 
E L 2 = A 2 3 - A 2 +  EL21 
CALL FSEEK ¢3, IJ) 
%'RI TE BINARY. ( 3 )  F.J..2 
CALL FSEEK ¢ 5 ,  I d )  
READ BINARY ( 5 )  A2 
A24=A2 
CALL FSEEK ( 4 a l J )  
READ BINARY ( 4 )  A2 
EL 3= A 2 4 -  A2+ EL 31 
CALL FEEEK ( 5 . 1 J )  
WRITE BINA.=Y ( 5 }  EL3 
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C 
C 
C 
C 
C 
C 
C 
C 

12 

11 CONTINUE 
CALL FSEEK ( 1 ,  1) 
WRITE BINARY ¢ 1) E L ! !  
CALL FSEEK ( 3 ,  1) 
WRITE BINARY ( 3 )  EL21 
CALL FSEEK (5, 1) 
WRITE BINAFY ( 5 )  EL31 
THE REMAINER OF THE PF~)GRAN CALCULATES THE 
L I N E  I N T E N S I T I E S  AND CONVOLUTES THE L I N E  
SPECTRUM INT0 AN INSTFL~IENT SPECTRt~I 
WITH A TRIANGL'LAF 5 L I T  FUNCTION USING A 
BANDWITH OF 8 WAVE-NUNBERS FOR ~ARIOUS 
TEMPERATURE S 
I ( , J ] I S  PROPORTIONAL TO 2 ( J + I ) G  E X P ( - ( E R O T + E V I B ) / K T )  

CONST= ( 6 .  6 2 5 5 9 E - 2 7 - ' 3 . 0 E  1 0 ) / (  1. 3 8 0 5 4 E -  16) 
TL~I= 1 5 0 0 . 0  
EL I I = 0- 0 
EL21= 1 5 9 0 .  ~ 
E L 3 1 = 3 1 5 1 . 0  
E X P ! I = E X P ( - ( E L 1 1 3 8 C O N S T / T E M )  
EXP21= EXP(-  ( EL21 ),,,CON 5 T / T ~  ) 
EXP3 I = E X P ( - ( E L 3 ! ) s C O N S T / T ~ M )  
D0 12 I J = 2 * L N  
CALL FSEEK CO, IJ) 
READ BINARY ( 0 )  A2 
A 2 2 : A 2  
CALL FSEEK ¢2s I , J )  
READ BINARY (2) A2 
A23=A2 
CALL FSEEK ( 4 * I , J )  
PEAD BINARY ( 4 )  A2 
A24= A2 
E X P I = E X P ( - ( A 2 2 + E L  I !)~, C0N $ T / T ~ l *  
CALL FSEEK (0.1J) 
WRITE BINARY ( ~ )  EXPI 
EX P2= EXP( - ( A23+ EL 21 ) * CON ST/T~M ) 
CALL FSEEK ( 2 ,  I O )  
WRITE BINARY ( 2 )  EXP2 
EXP3- EXP( - ( ,%24÷ EL 31 ) s CON S T / T ~  ) 
CALL FSEEK (4, l,J) 
WRITE BINARY (4) EXP3 
CONTINUE 
CALL FSEEK (0, I) 
WRITE BINARY ( 0 )  E X P I I  
CALL FSEEK ( 2 ,  ! )  
WRITE BINARY ( 2 )  EXP2| 
CALL FSEEH ( 4 ,  1) 
WRITE BINARY (43  EXP3!  
N - 0  
K= 1 
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LI=L+I 
CALL FSEEK (0a 1) 
CALL FSEEK ¢2~ I) 
CALL FSEEK ¢4~ I) 
DO 13 J=l,LI 
JJ= ¢ 28J~- ! 
DO 22 I= l~,J,J 
READ BINARY (0) EXPI 
EXPO I=EXPI=¢ ¢ 2~N) ÷ I) 
CALL FSEEK ¢0, K) 
WRITE BINARY ( 0 3  EXPOl 
READ BINAF~" ( 2 )  EXP2 
EXPJ2= EXP21 ¢ ¢ 2,=N) ÷ I ) 
CALL FSEEK (2, K) 
l¢RI TE BINARY (2) EXPJ2 
READ BINARY ¢4)  EXP3 
EXP,J 3=EXP38 ¢ ¢ 2 = N ) +  1 ) 
CALL FSEEK (4, K) 
WRITE BINARY ¢4)  E X P J 3  
K=K+ l 
CONTINUE 
N=N÷J 
CON TI NUE 
L I = L + I  
CALL FSEEK ( 0 j  1) 
CALL FSEEK (2, 1) 
CALL FSEEK (4~, 1) 
K= ! 
G = 3 o 0  
G I = I . 0  
DO 14 , J = I ~ L I  
dO= C 28J)- I 
DO 23  I = l , j d  
READ BINARY ( 0 )  EXP,J 1 
T ~  S I=EXPJ  I*G 
CALL FSEEH ( 0 ,  K) 
WRITE BINARY ¢8)  TENSI 
READ BINARY ( 2 3  EXPO2 
TEN 52= EXP,.I 2=G 1 
CALL FSEEK ( 2 . , K )  
WRITE BINARY ¢ 2 )  TENS2 
READ BINARY C4) EXPJ3  
TEN 53= EXPJ 3*G 
CALL FSEEK ¢/4, K) 
WRITE BINARY ( 4 )  TENS3 
d l = O -  I 
I F ¢ I . N E . J I )  G'0 TO 23~' 
GG= G 
G=GI  
G I=GG 
K=K+ I 
CON TI NUE 
C ON T I N UE 
CALL FCHAN C ' T E S T 3 .  SV') 
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C 
C 
C 

I 

40  

4 i  

2 3  

CONVOLUTION STEP FOP 35@(9-378Z %'AVE-NtMBEP.5 }':.EGION 

DIMENSION FINT(aS@3 , A E L I { 7 ~ , ) , A E L 2 { 7 ~ 0 } , A E L 3 { 7 0 0 )  
DIMI~JSION ATENSI(700),ATEN~2(700),ATI~IS3(7~0} 
COMMON FINT, TEM 
TYPE 'TEST3' 
CALL FOPEN (0., ' 
CALL FOPEN (I,' 
CALL FOPEN (2, ' 
CALL FOPEN ¢ 3,, ' 
CALL FOPKN (a, ' 
CALL FOPEN ( 5 , '  
L = 2 5  
L N = L +  I + ¢ L } s C L ÷  l 
CALL FSEEK (0, l 
CALL FSEEK (I* I 
CALL FSEEK ¢2, I 
CALL FSEEK (3, I 
CALL F SEEK (4, I 
CALL FSEEK ¢ 5 ,  1 
DO 1 I= I,LN 
F.EAD BINAFY (0 )  
READ BINARY ¢ !) 
READ BINARY {2 }  
READ BINARY {3 }  
READ BINAIRY {4}  
PEAD BINARY (5 )  
AEL t ( 1 ) = E L  1 
AEL2C I )=EL2 
AEL3( I )=EL3 

A 0 0 0  ' ,  4} 
A 1 0 0 ' , / 4 }  
A 0 1 0 ' , 4 )  
A 1 1 0 ' .  zi) 
A020 ' • 4} 
A12~',4) 

TENS1 

EL l 
TEN $2 
EL-" 
TEN $3 
EL 3 

ATEN51 {I )=T~SI 
ATEN S2(I ) = TE~I $2 
ATEN $3( I }-TENS3 
C0NTI NUE 
CON ST= I • 43978 22 
AREA= 0.0 
DO 40 I-I,LN 
~.REA =APE~+ATEN S I ¢ I } ÷ATEN $2¢ I ) ÷ATI~ 53( I } 
DO 4| I=I,LN 
ATEN S 1 ( I)=ATEN51 ( I )/AREA 
ATEN $2( I } =ATEN $2( I )/AREA 
ATEN 53( I }--ATKN $3( I )/AP.EA 
INC-450 
DO 23 I= I,INC 
FINT(I )=(~.~ 
MIN=350e 
MAX.- 370(~ 
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25 

28 

27 
29 

30 
25 

/401 

R 

5%'= 8 • 

DO 25 K=IaLN 
KEL I=AEL I(K) 
}([12= AEL2¢K) 
KEL 3=AEL3¢K~ 
I=(KEL I-MIN)~2 
I I= CKELP-MI N)~2 
I I I= (KEL 3-MIN)~ 2 
IFCI.GT,416.0R, I,LT.-16)G0 TO 28 
LM=- 16 

DO 26 ILM=LMs 16 
WTI=ATENS l ¢K)~C F%'-IAB5¢ ILM) )/F%" 
IF¢WTI.LE.{~.@)G0 TO 26 
M=IeILM 
IF(M*LE*~)G0 TO 26 
FINTCM)ffiFINT(M) +WTI 

CONTINUE 

I F (  I I . G T ,  4 1 5 . O R .  I I . L T . -  16)GO TO 
LM=- 16 
DO 27 ILM=LMs 16 
WT2=ATEN S2(K) = ( FW- I AB5(ILM) )/F~¢ 
IFCWT2,LE,8,~)G0 TO 27 
H=I I+ILM 
IF(M.LE°e)G0 70 27 
F I N T ( M ) = F I N T ¢ M )  +~'T2 
CONTINUE 
I F ¢ I  I I * G T - 4 1 e - O R .  I I  I . L T .  ÷)GO TO 
LM=- 16 
DO 30 ILM=LM, 16 
WT3=ATEN S3(K) 8 ¢ FW- I A ~ S ( I L M )  )/FW 
IFCWT3,LE,0.0~G0 TO 30 
M=III÷ILH 
IF(M.LE.8,0)G0 TO 30 
F I N T ( M ) = F I N T C M ) ÷ W T 3  
CONTINUE 
CONTINUE 
~0} '~M=. 6 1 2 5 5 3  
DO 401 I=I,400 
FINT¢ I )=FINT¢ I )/P.N0 PM 
CALL FCH~%N ( 'TEST4, SV') 
END 

29 

25 
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[10FILE FOr A SPE{;IFIC TEMPEFATUFE 

DIMEN El ON 
DIMEN.eIOH FINT ¢458) 
COMMONILI~/L BL I, L~L &, I HOL, LHOL 
COMMON FINTaTEM 
DATA LDLI/'FFECUEN{;Y CM- I'/ 
DATA L D L 2 / ' R E L A T I V E  INTENSITY'/ 
£.~.T& IHOL/'TEMPEFATU~E (K)'/ 
DATA LHOLI'PAM@N SPE{;TP.L~ OF H20 

L t L I ¢ B ) , L L L ~ (  1 8 ) , I H O L ( g I , L H O L ( 1 2 )  

TYPE ' T E S T 4 '  
YY"  0 .  e 
x ; - ;  e • 0 
FLTX= 3 5 0 8 . 8  
F L T Y ;  0 • 0 
CALL I N I  TAL ( 6, 
CALL PLOT ¢ e . 5 ,  
CALL PLOT (0.8, 
CALL ~'IS ( 8 . g ,  
CALL AXIS (0.0, 
CALL NI~IBER ( g .  
CALL SYMBOL ( 4 .  
CALL EYMLOL (8. 
X=e.O 
CALL PLOT (~.8, 
CALL PEN DN 
DO 73 I =  1,40@, 
Y - - F I N T (  I )~ '5 .  e 
CALL PLOT (X,Y, I )  
X=X+@,. ~25 
CALL FENUP 
{;ALL FETP 
CALL FESET 
eT0p 

EN £ 

' /  

2 0 0 ,  I l - g ' ,  I T - g )  
I-  2 , - 3 )  
e . 0 ,  e )  
0 . 0 ,  L B L I ~ , -  1 4 ,  I e . . 8 ,  e .  8 ,  3=..e{~. 8 ,  2 0 . 0 ~ ,  I )  
g .  e ,  LBL ~., 18~, 5 .  g ,  9 ~ .  8 ,  0 .  e ,  0 . . ,2 ,  l ) 
5, 6. e:, • 21, TWM, ~. 0, 0)  
0, 6. 8, . ~ I* IHOL, g'8" 15} 
5, 7.0, • 21, LHOL, e- 0, 2";') 

0 . 8 ,  3)  
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